Motivated by the physical relevance of a spectral singularity of interacting many-particle system, we explore the dynamics of two bosons as well as fermions in one-dimensional system with imaginary delta interaction strength. Based on the exact solution, it shows that the two-particle collision leads to amplitude-reduction of the wave function. For fermion pair, the amplitude-reduction depends on the spin configuration of two particles. In both cases, the residual amplitude can vanish when the relative group velocity of two single-particle Gaussian wave packets with equal width reaches the magnitude of the interaction strength, exhibiting complete particle-pair annihilation at the spectral singularity.
where γ > 0 and we use dimensionless units e = = m = 1 for simplicity.
Introducing new variables R and r, where
r = x 1 − x 2 , we obtain the following Hamiltonian
with
∂r 2 − i2γδ (r) . Here R is the center-of-mass coordinate and r is the relative coordinate. The Hamiltonian is separated into a centerof-mass part and a relative part, and can be solvable exactly.
The eigenfunctions of the center-of-mass motion H R are simply plane waves, while the Hamiltonian H r is equivalent to that of a single-particle in an imaginary delta-potential, which has been exactly solved in the Ref. [39] . Then the eigen functions of the original Hamiltonian can be obtained and expressed as
in symmetrical form, and
in antisymmetrical form. The corresponding energy is
with the central and relative momenta K, k ∈ (−∞, ∞). The symmetrical wavefunction ψ (K, k, x 1 , x 2 ) is the spatial part wavefunction for two bosons or two fermions in singlet pair, while the antisymmetrical wavefunction ϕ (K, k, x 1 , x 2 ) only for two triplet fermions. Before starting the investigation on dynamics of two-particle collision, we would like to point that there exist spectral singularities in the present Hamiltonian. It arises from the same mechanism as that in the single-particle systems [39, 40] .
We can see that the eigen functions with even parity and momentum k = −γ can be expressed in the form
= e iK(x1+x2)/2 e −iγ|x1−x2| ,
with energy
We note that function ψ ss (K) satisfies
which accords with the definition of the spectral singularity in Ref. [20] . It shows that there exist a series of spectral singularities associated with energy E ss (K) for K ∈ (−∞, ∞), which constructs a spectrum of spectral singularities. We will demonstrate in the following section that such a singularity spectrum leads to a peculiar dynamical behavior of two local boson pair or equivalently, singlet fermion pair.
III. DYNAMICAL SIGNATURE

A. Construction of initial state
The emergence of the spectral singularity induces a mathematical obstruction for the calculation of the time evolution of a given initial state, since it spoils the completeness of the eigen functions and prevents the eigenmode expansion. Nevertheless, the completeness of the eigen functions is not necessary for the time evolution of a state with a set of given coefficients of expansion. It does not cause any difficulty in deriving the time evolution of an initial state with arbitrary combination of the eigen functions. Namely, any linear combination of function set {ψ (K, k, x 1 , x 2 )} or {ϕ (K, k, x 1 , x 2 )} can be an initial state, and the time evolution of it can be obtained simply by adding the factor e −iE(K,k)t . In order to investigate the dynamical consequence of the singularity spectrum, we consider the time evolution of the initial state of the form
where Λ is the normalization factor, which will be given in the following and
Here α, β, r 0 , k 0 > 0 and K 0 is arbitrary real number. We explicitly have
where
Furthermore, from the identity
we can see that the cross term x 1 x 2 vanishes if we take α = 2β. The initial state can be written as a separable form
where u (x) is Heaviside step function and
In this case, Λ can be obtained as One can see that the perfect pair annihilation in the case of (a) and imperfect pair annihilation in the cases of (b) and (c) when the width of the initial wavepackets becomes narrower, and the relative group velocity deviates from γ, respectively. It shows that perfect pair annihilation can be a signature of the singularity spectrum.
Without loss of generality we have set the initial center-of-mass coordinate R 0 = 0 and dropped an overall phase k 0 r 0 . We note that functions ϕ + (x) and ϕ − (x) represent Gaussian functions with centers at r 0 /2 and −r 0 /2, respectively. Obviously, the probability contributions of
which represents two-boson wavepacket state with the same width, group velocity K 0 /2±k 0 , and location ∓r 0 /2. Here the renormalization factor has been readily calculated by Gaussian integral. So far we have construct an expected initial state without using the biothogonal basis set. The dynamics of two separated boson wavepackets can be described by the time evolution as that in the conventional quantum mechanics.
B. Annihilating collision
It is presumable that before the bosons start to overlap they move as free particles with the center moving in their the group velocities K 0 /2 ± k 0 and the width spreading as function of time (4β 4 t 2 + 1) /β 2 . We concern the dynamic behavior after the collision. To this end, we calculate the time evolution of the given initial state, which can be expressed as
By the similar procedure as above, we find that the evolved wave function can always be written in the separated form
and
where the normalization factor
Straightforward algebra shows that
In the case of β 4 t 2 ≫ 1, k 0 t ≫ r 0 the probability distribution is
which leads the total probability under the case k 0 /β ≫ 1
We can see that, after the collision the residual probability becomes a constant and vanishes when k 0 = −γ. It shows that when the relative group velocity of two single-particle Gaussian wave packets with equal width reaches the magnitude of the interaction strength, the dynamics exhibits complete particle-pair annihilation.
In order to demonstrate such dynamic behavior and verify our approximate result, the numerical method is employed to simulate the time evolution process for several typical situations. The profiles of |ϕ (r, t)| 2 are plotted in Fig. 1 . We would like to point that the complete annihilation depends on the relative group velocity, which is the consequence of singularity spectrum. This enhances the probability of the pair annihilation for a cloud of bosons, which may provide an detection method of the spectral singularity in experiment.
IV. SECOND QUANTIZATION REPRESENTATION
In this section, we will investigate the two-particle collision process from another point of view and give a more extended example. By employing the second quantization representation, the initial state in Eq. (19) can be expressed as the form a † 1 a † 2 |0 , where a † i (i = 1, 2) is the creation operator for a boson in single-particle state with the wavefunction
and |0 denotes the vacuum state of the particle operator. Similarly, if we consider a fermion pair, the initial state in Eq. (19) can be written as
where c † i,σ (i = 1, 2; σ =↑, ↓) is the creation operator for a fermion in single-particle state with the wavefunction One can see that the perfect pair annihilation in the case of (a) and imperfect pair annihilation in the cases of (b) and (c) when the width of the initial wavepackets becomes narrower, and the relative group velocity deviates from γ, respectively.
Here
are the spin part of wavefunction. We see that the initial state in Eq. (31) is singlet pair with maximal entanglement.
In contract, state
should not lose any amplitude after collision. On the other hand, we can extend our conclusion to other types of initial state. For instance, we can construct the initial state with
which are also local states in K and k spaces, respectively. In coordinate space, the above wavefunction has the from
which can be reduced to
under the approximation βr 0 ≫ 1. Here Ξ is the normalized constant, and ϕ
(1)
. By the same procedure, at time t the evolved wavefunction is
which leads the total probability
The profiles of |ϕ (r, t)| 2 are plotted in Fig. 2 . We can see that the same behavior occurs in the present situation. In order to clarify the physical picture, we still employ the second quantization representation by introducing another type of boson creation operator b † i (i = 1, 2) with
Then the initial state in Eq. (36) can be expressed as
which is maximally two-mode entangled state.
V. SUMMARY AND DISCUSSION
In summary we identified a connection between spectral singularities and dynamical behavior for interacting manyparticle system. We explored the collision process of two bosons as well as fermions in one-dimensional system with imaginary delta interaction strength based on the exact solution. We have showed that there is a singularity spectrum which leads to complete particle-pair annihilation when the relative group velocity is resonant to the magnitude of interaction strength. The result for this simple model implies that the complete particle-pair annihilation can only occur for two distinguishable bosons, maximally two-mode entangled boson pair and singlet fermions, which may predict the existence of its counterpart in the theory of particle physics.
